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Abstract— This work proposes an algorithm for designing a
simple End Effector configuration for a robotic arm which is
able to grasp a given set of objects. The algorithm searches
for a common 3-finger grasp over a set of objects. The search
algorithm maps all possible grasps for each object which satisfy
a quality criterion and takes into account an external wrench
(force and torque) applied to the object. The mapped grasps
are represented by feature vectors in a high-dimensional space.
This feature vector describes the shape of the gripper. We
then generate a database of all possible grasps for each object
represented as points in the feature vector space. Then we use
another search algorithm for intersecting all points over the
entire sets and finding common points suitable for all objects.
Each point (feature vector) is the grasp configuration for a
group of objects, which implies for the end-effector design. The
final step classifies the grasps found to subsets of the objects,
according to the common points found, this with preference to
find one grasp to all the objects. The algorithm will be useful
for assembly line robots in reducing end-effector design time,
end-effector manufacturing time and final product cost.

I. INTRODUCTION

Today, the mass production in assembly lines and manu-
facturing plants is done by robotics and automation lines. The
need of the plant, the large demand and the higher quality
requirements, requires precise and high quality production
while meeting very high production rate. The plants’ robots
move and handle components as needed, with the use of
an arm and an end-effector designed specifically for this
operation and specific part to handle. Many end-effectors
look similar to one another; they are optimized, designed and
built for a specific action and for a specific part. The design,
build and testing phase of a typical end-effector consumes a
considerable amount of engineering time and adds extra cost
to the final product.

The purpose of this work is to develop an algorithm which
will find a common grasp configuration and imply for the
design of a simple universal end-effector for a set of objects.
Such algorithm will contribute to the standardization of end-
effectors and their components in assembly lines. With given
a set of all CAD models of the parts, the idea is to design
an end-effector that is universal in the sense of being able
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to hold a wide set of components for multiple manipulation
tasks. The algorithm will be able to characterize the objects
geometries and find a configuration for grasping them. As
we discuss the design of an industrial end effector, the
final configuration has to be simple and low cost. The
configuration must be able to reach equilibrium even under
the application of external wrenches due to the task being
done, i.e., we require force-closure grasp.

This paper presents an algorithm for parameterization of
the force-closure grasps of each object and using it for
classification of the objects to possible grasps. In the first
stage of the algorithm a Force Closure Grasp Set (FCGS) is
constructed for every object by sampling all force-closure
grasps which has a grasp quality measure lower then a
predefined value, and representing the possible grasps as
feature vectors in the high-dimensional space. Each feature
vector injectively defines the grasp and implies for the end-
effectors’ design.

The next step of the algorithm is the similarity join,
for finding pairs of common feature vectors in the FCGS
of all objects. The similarity search is based on nearest-
neighbor search algorithm for each two FCGS sets, all pairs
of vectors which are within a predefined small distance. Such
vectors are considered to be the same and inserted into a
registry set with association to the respective FCGS. Finally,
classification is done in order to find the minimal feature
vectors which cover the whole set of objects.

The paper is organized as follows. The next section is
a review of related work. Section III gives a background
overview of grasping fundamentals used in this work. The
structure of the grasp feature vector and the FCGS generation
algorithm is described in section IV. Section V presents
the main algorithm for similarity join and classification of
the common feature vectors. Finally, Section VII contains a
summary of the work and proposes future work.

II. RELATED WORK

This work uses the methods of force-closure and quality
measure as criteria for determining and quantifying feasible
grasps. Using the notion of wrenches (combining forces
and torques), in [1], [2], [3] force-closure criterion is well
defined and several algorithms for synthesis of a frictional
[4] and frictionless [5], grasps were presented. Several grasp
optimization methods using different grasp quality measures
have been presented in literature; Ferrari and Canny [6] and
Li and Sastry [7] introduced a quality measure based on the
external wrench to be resisted, where the first introduced a
general measure based on the largest wrench that the grasp
can resist; the second uses task oriented quality defined by
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the specific wrenches applied during execution. The first
method is the common one and is embedded in this work.

To the best of our knowledge, no previous work has been
done for searching common grasps or end-effectors design
for a set of objects. However, much work has been done
in the area of 3D shape similarity comparison algorithms,
such as [8], [9], local storage search, face recognition, image
processing or parts grasping in assembly lines. However,
such methods deals with geometry parameterization of the
objects and cannot be applied for grasping. The work of Li
and Pollard, [10], is based on shape matching for finding the
best grasp for a set of objects. The best grasp is found by
matching hand poses from a database to each object. This
is being done by using a predefined parameterization of the
object surface and the hand poses, a method which inspired
this work. The work done in GraspIt [11] has similarities to
this work in the field of force closure and quality measure
analysis.

III. BACKGROUND

A. Grasping Model

Forces and torques can be represented as a wrench vector
in the wrench space. A wrench is a k-dimensional vector
where k equals 3 for the planar case and 6 for a spatial
object case, and is denoted as w = (f τ)

T
where f

is a force vector and τ is a torque vector. Furthermore, A
wrench applied at the contact point, ci, can be described as
wi = (fi pi × fi)

T
where pi is the location of contact

point ci represented in the object coordinate frame (Fig. 1).
Friction exists between the fingertips of the End-Effector

and the object’s surface and can be represented by the simple
Coulomb friction model |fTi | ≤ µfNi where fNi and fTi
are the normal and tangential forces at the contact point,
respectively, and µ is the coefficient of friction. According
to this model, forces exerted in the contact point must lie
within a cone centered about the surface normal. This is
known as the Friction Cone (FC) and in the planar case can
be defined by a linear combination of f+i and f−i , which
are unit vectors on the edges of the friction cone. The angle
between them equals to 2 tan−1 µ. If the force lies within
the FC, the force can be represented as a linear combination
given by

fi = α+
i f

+
i + α−i f

−
i (1)

where α+
i ,α−i are nonnegative constants [4]. The associated

wrenches can be expressed by the primitive forces as

w+
i =

(
f+i

pi × f+i

)
, w−i =

(
f−i

pi × f−i

)
(2)

An n-finger grasp can be represented by the position vectors
of all contact points P = (p1, ..., pn). Equivalently, we can
represent the grasp using the matching wrenches applied
at the contact points represented in the object coordinate
frame W = (w1, ..., wn). In frictional grasps, the wrench
set can be expressed by the primitive wrenches W =
(w+

1 , w
−
1 ..., w

+
n , w

−
n ).

Fig. 1. An ellipse planar object.

B. Force Closure

A grasp is said to be force-closure if it is possible to
apply wrenches at the contacts such that any external forces
and torques acting on the object can be counter-balanced.
A system of wrenches can achieve force-closure when any
external load can be balanced by a non-negative combination
of the wrenches [1]. Therefore, the notion of the Convex-
Hull (CH) is introduced. The Convex Hull of set W of
wrench vectors is the set of all convex combinations of
the subsets of vectors from W . In other words, the CH is
the minimal convex set containing W . With system W of
wrenches w1, ..., wn, the CH(W ) is defined as

CH(W ) = {
∑n

i=1(a
+
i w

+
i + a−i w

−
i ) :

w+
i , w

−
i ∈W,

∑n
i=1(a

+
i + a−i ) = 1, a+i , a

−
i ≥ 0} (3)

The convex hull of the system of contact wrenches is
denoted as the Grasp Wrench Set (GWS). A necessary and
sufficient condition for a system of n wrenches w1, ..., wn to
be force-closure is that the origin of Rk lies in the interior
of the convex hull of the contact wrenches ([12], [1]),

O ∈ interior(CH(W )). (4)

C. Grasp quality measure

The grasp quality measure quantifies the quality of the
grasp. In other words, it measures how much a grasp can
resist an external wrench without fingers loosing contact
or sliding [13]. Increasing the quality of a grasp reduces
the magnitude of the contact forces which are required to
counter-balance an external wrench. Thus, a higher quality
measure reduces object deformations and actuators resources.
The quality measure will be used as a grasp criterion for
the algorithm presented later in this paper. There are several
quality measures; the most common one is the largest ball
criterion which is used in this work. The measure is based
on a general Task Wrench Set (TWS). The TWS is a wrench
set of all external wrenches needed to be applied during
execution of a prescribed task and is equivalent to the radius
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of the largest ball centered at the origin of the GWS and fully
contained in the Convex-Hull of W [5]. In other words, the
grasp quality measure is the distance from the origin of the
GWS to the closest facet of CH(W ). Mathematically we
can say that the quality measure is defined as

Q = min
w∈∂W

‖w‖ (5)

where ∂W is the boundary of CH(W ) [6].
Fig. 2 illustrates the GWS and the largest ball contained.

The quality measure Q is the radius of the ball. This means
that large contact forces would have to be applied if an
external wrench will be applied in the weakest direction
defined by the vector from the origin to the point where
the Q sized ball is tangent to the boundary of CH(W ).

Fig. 2. The Grasp Wrench Space (GWS) and the Task Wrench Space
(TWS).

IV. FCGS GENERATION ALGORITHM

We generate the set of all possible grasps for each object.
The grasps are represented as feature vectors in the Force
Closure Grasp Set (FCGS). This section presents the pro-
posed structure of the grasp feature vector and the method
for constructing the FCGS.

A. Grasp feature vector

A 3-finger grasp of an object B can be defined by a set
of contact points, P = (p1, p2, p3), on the object, and the
normal to the object surface at each point (Fig. 1). This grasp
definition can be mapped into a set of parameters injectively
representing the grasp. A parameters set for grasp j can be
written as a d-dimensional feature vector ej = (u1, ..., ud)

T .
In this paper only planar objects are discussed. Fig. 3

presents an option for defining a 3-finger grasp. The grasp
can be represented by a triangle where the contact points
are the vertices. The position of the 3 fingers relative to
themselves can be injectively represented as a triangle by two
angles γ1, γ2 and the edge length between them d1, given by

cos γ1 =
(p3 − p1) · (p2 − p1)
‖(p3 − p1)‖‖(p2 − p1)‖

(6)

cos γ2 =
(p1 − p2) · (p3 − p2)
‖(p1 − p2)‖‖(p3 − p2)‖

(7)

d1 = ‖p2 − p1‖ (8)

the angles of the normals relative to the triangle edges are
given by

θi =

 cos−1
[
ni·(pn−p1)
‖pn−p1‖

]
, i = 1

cos−1
[
ni·(pi−1−pi)
‖pi−1−pi‖

]
, i = 2, 3

(9)

Therefore, the 3-finger grasp can be injectively defined by a
6-dimensional feature vector ej ,

ej = (γ1 γ2 d1 θ1 θ2 θ3)
T (10)

where the parameters of the feature vector are given by
equations (6)-(9). It should be mentioned that there are three
different representations for a triangle, depending on which
edge is picked for defining d1. Therefore, the longest edge
of the triangle is always picked to represent d1. This ensures
that the algorithm will always observe the triangles from the
same point of view.

Fig. 3. 6 parameters representing a 3-finger grasp.

The advantage of this feature vector representation is that
it is frame invariant. The feature vector defines a grasp
independent of the object and its coordinate frame, and
therefore can be compared to other feature vectors of other
objects.

B. Force closure check

In section III the force-closure criterion was presented.
After sampling and generating all grasp feature vectors of a
certain object (up to mesh size), force-closure check has to
be done to each possible grasp in order to omit inappropriate
ones. The force-closure criterion checks whether the grasp
satisfies condition (4) and whether the grasp quality measure
Q of a feature vector is greater than a predefined value Qd.

C. Grasp space generation

Generation of the FCGS is done by going over all pos-
sible grasp feature vectors of object B, up to mesh size,
omitting those which are not force-closure (as described in
subsection IV-B). Algorithm 1 receives as an input a mesh
of a CAD model. It samples possible grasp feature vectors
for the object and computes a set E ∈ R6 representing all
combinations of 3-points (up to mesh size) which achieve
force-closure under the frictional contact constraint. Thus,
the output of the algorithm will be a set of feature vectors
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E = (e1, ..., ev) representing the set of force closure grasps
of object B. The algorithm is based on the one proposed in
[14].

Algorithm 1 FCGS generation.
Input: Mesh of object B to be grasped.
Output: FCGS E = (e1, ..., ev) of object B.

1: Generate grasp j defined by Pj = (p1, p2, p3).
2: if Pj is force-closure then
3: Map grasp j to feature vector ej = (u1 ... u6)

T .
4: Label ej as force-closure.
5: Store link between ej and Pj .
6: else
7: Label ej as force-closure.
8: Remove ej from E.
9: end if

10: if E = (e1, ..., ev) is not fully labeled then
11: go to step 1.
12: else
13: return grasp set E = (e1, ..., ev).
14: end if

V. MULTI-SETS COMMON VECTORS SEARCH

Given t sets of points in a high-dimensional space
E1, ..., Et ∈ R6 representing the FCGS of each object and a
set of parameters tolerances for each dimension ε1, ..., ε6 ∈
R. A similarity algorithm will take the sets and output a set
of vectors Z ∈ R6 that are common to two or more sets of
E1, ..., Et.

A. Similarity join

The main idea of the search algorithm is for each two
sets Ei, Ej , to find feature vectors that are common to the
two sets. Every vector that is found is checked whether it is
already in the registry set Z. If yes, it is labeled to be in Ei

and Ej . If not, it is added to Z and then labeled to exist in
Ei and Ej .

Let Ut be a t-dimensional vector set of size v consisting
binary vectors, i.e., vector with t components consisting of
0’s and 1’s. Each common vector added to Z is to be a
high-dimensional vector vi ∈ R6, denoting the position of
the vector in the 6-dimensional space. A compatible vector
ṽi ∈ R6 is coupled to vi. Component k of vector ṽi denote
whether the point is within set Ek if labeled ”1” and ”0” if
not.

The JoinFCGS (Algorithm 2) function receives all
FCGS data sets E1, ..., Et ∈ R6 and for each two sets finds
pairs of vectors, using Nearest Neighbor (NN) algorithm (im-
plemented using the MATLAB1 knnsearch function). Each
pair is composed of a vector from one set to the nearest one
in the other set. After all the pairs were found, further inspec-
tion of whether they are close enough to be considered as the
same grasp should be done. Therefore, function PDist(a, b)
(Algorithm 4) calculates the projection distances between the

1Matlab R© is a registered trademark of The Mathworks, Inc.

Algorithm 2 Function JoinFCGS(E1, ..., En)

Input: FCGS of each object E1, ..., En.
Output: Registry set Z.

1: for i = 0→ n− 1 do
2: for j = i+ 1→ n do
3: [a, b] = NearestNeighbor(Ei, Ej).
4: for k = 1→ size(a) do
5: if PDdist(ak, bk) = true then
6: Z = InsertToZ(ak, bk, i, j)
7: end if
8: end for
9: end for

10: end for
11: return Z.

two vectors along the major coordinates axes and checks
whether they are both inside an hyper-rectangle with edge
lengths of the predefined tolerances ε1, ..., ε6. If they are,
then the vectors are considered to be the same.

Algorithm 3 Function InsertToZ(a, b, i, j)
Input: Vector a in FCGS i and vector b in FCGS j.
Output: Updates registry set Z to contain a, b.

1: v =
(
a1+b1

2 ... a6+b6
2

)T
2: u = NearestNeighbor(Z, v) ∗ /F ind NN to v.
3: if PDdist(v, u) = true then
4: ũi = 1
5: ũj = 1
6: else
7: Add point v to Z.
8: ṽi = 1
9: ṽj = 1

10: end if

The pair found is the input of procedure InsertToZ
(Algorithm 3), which takes the mean point of the pair and
checks whether it exists in the registry set Z. As mentioned,
the set Z is a 6-dimensional database of the vectors that are
common in two or more sets of E1, ..., En.

Algorithm 4 Function PDdist(a, b)
Input: Vectors a and b.
Output: Are the two vectors close enough (true/false).

1: for i = 1→ 6 do
2: if |x(i)− y(i)| > εi then
3: return false
4: end if
5: end for

After constructing the FCGS and finding similar vectors,
a registry, high-dimensional vector set Z is generated. This
registry is a cluster of vectors constructing the set of common
grasp feature vectors that exist in two or more FCGS sets.
Each feature vector within Z is marked in which primitive set
it exist. Thus, enabling classification described as followed.
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B. Classification

A high-dimensional registry set Z of vectors v1, ..., vk ∈ Z
is obtained. Each position vector vi is coupled to a binary
vector ṽi which denote its existence in any of the primitive
sets E1, ..., Et. The next step is to classify all vectors in set Z
to classes. The main objective is to find the minimum subset
of points H ⊆ Z which exist in all of the primitive vector
sets, such subset is said to cover the whole primitive sets
E1, ..., Et. This is a standard case of the set-cover problem
[15], solved using optimization methods. However, as we
deal with binary vectors, solution using union of the vectors
is enough.
Let a vector ui ∈ Z, then its compatible vector ũi ∈ Ui is a
binary vector consisting one’s or zero’s. It can be said that
the a subset H ⊆ Z where u1, ..., up ∈ H , covers E1, ..., Et

if
p⋃

i=1

ũi

∣∣∣∣∣
min(p)

= (~1)n×1 (11)

As mentioned we want the size p of the subset H to be
minimal and seeking for 1s. The class search algorithm
will start by searching for a single vector u1 within Z that
covers the whole primitive sets, i.e., all components of the
compatible vector ũ1 equals to 1. If fails to do so, it will
search two vectors that covers the FCGS sets, the algorithm
will continue to do so until succeeds. In the end of the
process, a minimal set H of feature vectors is found, where
each one of them is in fact a grasp configuration of a matched
subset of the objects.

VI. SIMULATIONS AND PERFORMANCE

For simulations of the proposed method, the algorithm
was implemented in MATLAB on an Intel-Core i7-2620M
2.5GHz laptop computer with 8GB of RAM. The following
simulations present an example of the algorithm operation
on 3-finger frictional grasps of four planar objects.

A. Implementation and results

The performance of the proposed algorithm is illustrated
using the four 2D shapes shown in Fig. 4. The shapes
are described with a mesh of k = 156 points uniformly
distributed along their boundary. According to algorithm 1,
the FCGS is generated for each shape. Each candidate grasp
is checked for force-closure and only grasps with quality
measure greater than 0.1 are approved (for convenience, the
quality measure Q is normalized by the maximum quality
measure of all sampled grasps and therefore bounded to be
0 < Q ≤ 1). Fig. 5 shows one generated FCGS of the
ellipse shape. Due to the high-dimensionality of the space,
for illustration, each space is shown as projections on two
3-dimensional spaces.

The edge lengths of the similarity search’s hyper-rectangle
ε1, ε2, ε3[mm] were chosen in such way that each of the
edges of the triangle will not extend or shorten more than 6%
of their original length due to changes in the triangles angles.
ε4, ε5, ε6[

◦] are defined to be 70% of the friction cones angle
(the friction coefficient was chosen to be 0.6). For these

Fig. 4. Four planar objects to be grasped: (a) ellipse, (b) dalton, (c)
rectangle and (d) an ice cream cone.

conditions, the algorithms outputs are 8 solutions of common
grasps for all shapes. Fig. 6 shows 16171 points/grasps which
are common to 2 or more shapes (the blue dots). The 8 point
solutions which are marked with red squares are the common
grasps for all shapes.

Fig. 5. FCGS for the ellipse object.

Fig. 6. Registry set Z and the 8 solutions (red squares).

The highest quality measure solution (Q = 0.49) is shown
in Fig. 7.

B. Performance

Fig. 8 and Fig. 9 show performance measures as function
of the mesh size chosen. Fig. 8 is the time required for the
common search algorithm operation. Fig. 9 is the number of
solutions found, meaning the number of common grasps for
all shapes.
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Fig. 7. One of the grasps solutions.

Fig. 8. Solution time relative to the mesh size.

The simulations present the implementation of the algorithm
proposed, finding 8 common 3-finger grasps of four objects
in about 2 hours (for mesh of 156 points). Of the 8 solutions,
we choose the common grasp design with the highest quality
measure which is the optimal one for the four objects.

VII. CONCLUSIONS

The main idea of the search algorithm proposed, is for
searching high dimensional sets containing feature vectors
describing all force-closure grasps of each object. A method
for generating the FCGS containing a cluster of points
representing grasp feature vectors was presented. Moreover,
an efficient similarity join algorithm search was described
and a simple classification followed. The feasibility of the
algorithm was validated through presented simulations. A
minimum set of grasp feature vectors was found that exist
in all of the FCGS sets. This means, a set of grasp configu-
rations was obtained, where each grasp can hold the whole
set of objects. Every grasp found is in fact a configuration of
an end-effector used to grasp the set of objects. The search
algorithm for 3-finger common grasps has an overall runtime
of the order of O(n3).

Fig. 9. Number of solutions found relative to mesh size.

Future work will extend the algorithm for the general case
of g-finger grasps. Moreover, we would like to modify the
definition of the feature vector to accommodate it for the
grasp of 3D objects. Finally, we are currently working on
experimental verification of the this algorithm and the results
presented in this paper.
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